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Abstract—This paper considers frequency division multiplexing
(FDM) based illumination sensing in light emitting diode (LED)
lighting systems. The purpose of illumination sensing is to identify
the illumination contributions of spatially distributed LEDs at
a sensor location, within a limited response time. In the FDM
scheme, LEDs render periodical illumination pulse trains at
different frequencies with prescribed duty cycles. The problem of
interest is to estimate the amplitudes of the individual illumination
pulse trains. In our previous work, an estimation approach was
proposed using the fundamental frequency component of the
sensor signal. The number of LEDs that can be supported by this
estimation approach is limited to around 100 LEDs at a response
time of 0.1 s. For future LED lighting systems, however, it is
desirable to support many more LEDs. To this end, in this paper,
we seek to exploit multiple harmonics in the sensor signal. We first
derive upper limits on the number of LEDs that can be supported
in the presence of frequency offsets and noise. Thereafter, we
propose a low complexity successive estimation approach that
effectively exploits the multiple harmonics. It is shown that the
number of the LEDs can be increased by a factor of at least five,
compared to the estimation approach using only the fundamental
frequency component, at the same estimation error.

Index Terms—Cramér–Rao bound, frequency division multi-
plexing, illumination sensing, light emitting diode lighting systems,
successive estimation.

I. INTRODUCTION

L IGHT emitting diodes (LEDs) will largely replace in-
candescent and fluorescent lamps in the next few years.

Besides energy efficiency, one of the key advantages of LED
lighting systems is their ability to render colorful, dynamic and
localized lighting effects [1], [2]. This ability results mainly
from three factors. First, LEDs are colored light sources by
nature. Secondly, each LED can provide hundreds of perceived
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Fig. 1. Illustration of the received optical signal due to the ��� LED. The am-
plitude of the corresponding electrical pulse train is � .

illumination levels through pulse width modulation (PWM)
dimming [3]. Finally, an LED lighting system normally con-
sists of a large number of spatially distributed LEDs with
narrow light beams. These three factors create many degrees
of freedom to render appealing lighting effects. Consequent to
these factors, a key technical challenge, however, occurs in the
control of such lighting systems.

In order to tackle this challenge, the concept of illumina-
tion sensing was proposed in [4]. In this concept, the illumina-
tion pulses emitted by different LEDs are modulated differently.
A sensor is then placed at the target location where a certain
lighting effect is desired. The role of this sensor and associated
sensor signal processing is to distinguish and estimate the il-
lumination contribution of each LED. Based on the estimation
results, a central controller can determine the setting of the duty
cycle for each individual LED to achieve the desired lighting
effect.

More specifically, due to PWM dimming, each LED renders a
periodical optical pulse train with prescribed duty cycle. A typ-
ical received optical signal from the LED with frequency
is illustrated in Fig. 1. The amplitude of the pulse train is called
the illuminance (in lumen/m , or lux), denoted by , and the
duty cycle is denoted by where . The illumination
contribution of the LED at the target location is given by the
product . The duty cycle is known from the controller.
The amplitude is determined by the radiation pattern of the

LED [5] and the free-space optical channel attenuation [6],
and is unknown. The key challenge for illumination sensing is
then to distinguish the signals from different LEDs and estimate

for each to determine the illumination contribution of the
LED. Moreover, due to practical application requirements

[7], the estimation process has to be performed with a high ac-
curacy and within a limited response time, e.g., , as
will be explained in more detail in Section II.

The optical signals from all the LEDs superimpose at the
target location. It is difficult and expensive, if not impossible, to
distinguish different LEDs optically. Therefore, the received op-
tical signal is converted into an electrical signal, namely sensor
signal, by using a photosensor, such as a photodiode. The ampli-
tude of the electrical pulse train is then denoted by . Provided
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that the sensitivity of the photodiode is accurately known, the
challenge of illumination sensing is thus transformed into the
estimation of . To this end, one may consider modulating the
illumination waveform in Fig. 1 differently for each LED such
that the signals can be disentangled electronically at the sensor.

With respect to the modulation method, various approaches
have been proposed [4], [7], [8]. In this paper, we focus on the
method of frequency division multiplexing (FDM) [8], since this
method does not require synchronism among the spatially dis-
tributed LEDs. In this method, the frequencies of the il-
lumination pulse trains are used as the identifiers of different
LEDs. Therefore, these are set to be different, with a dis-
cernible spacing, denoted by , between adjacent frequencies.
Note that these are all chosen within a frequency range,
usually between 2 kHz and 4 kHz [7], which is determined
mainly by the requirement of no visible flicker and by optical
properties such as the on- and off-switch response time of the
LEDs.

Based on the FDM scheme, a simple estimator was proposed
in [7] which only uses the fundamental frequency component
of the sensor signal. The basic idea was to estimate based
on the value of the Fourier transform of the sensor signal at
the frequencies . The sensor signal can be written as

, where is the sensor signal compo-
nent due to the LED and denotes the noise. In a prac-
tical application scenario, the effect of noise on this estimation
performance is negligible due to the high signal-to-noise ratio
(SNR). Instead, the performance of such an estimator is mainly
affected by three other factors:

1) Response Time: Due to the required limited response time
, a windowing function , e.g., a triangular function, with

limited time span , needs to be applied to before the
Fourier transform is taken. Let denote the result of the
Fourier transform, i.e., , where denotes
the Fourier transform. Hence, we have

(1)

where , , ,
and ‘ ’ denotes convolution. Due to the periodic nature of the
signal , contains line spectra at , where is an
integer. However, with the spectrum widening due to the win-
dowing function, contains the weighted sum of

for all and . These functions might
overlap each other in the frequency domain. As a consequence,

contains not only the component from the LED, but
also components from other LEDs, especially those with adja-
cent frequencies. This influence on the value of due to
other LEDs than the LED, can be viewed as interference
induced in the sensor signal processing, and is named induced
interference in this paper. The estimation accuracy of based
on is thus limited by this induced interference. Since the
interference level is mainly determined by the windowing func-
tion, one may consider to reduce the interference through opti-
mization of the windowing function, as was done in [7].

Fig. 2. Illustration of frequency offsets.

2) Frequency Offsets: Due to clock inaccuracies, the LEDs
may not be operated precisely at the ideally assigned frequen-
cies. Let denote the assigned frequency of the LED, the
actual frequency and the frequency offset, i.e., .
Fig. 2 illustrates the effect of frequency offsets. Even if
are assigned such that there is a uniform spacing between
adjacent frequencies, the actual spacing

is normally different from and the value is
also different for different . The induced interference is depen-
dent on the actual frequencies , which are unknown. Specif-
ically, the induced interference from the LED to the
LED at is proportional to .
Hence the existence of frequency offsets makes it more difficult
to control the induced interference through the optimization of

.
3) Duty Cycles: The estimation performance deteriorates

when the power of the fundamental frequency component is
small, e.g., when is close to 0 or 1, because the induced
interference from other LEDs then gives a relatively larger
impact on the estimation of .

Due to these reasons, as shown in [7], we have (through set-
ting the value to be sufficiently large, e.g., ) to
make the value of large enough in order to limit
the induced interference in the presence of frequency offsets.
Given a fixed frequency range for the allocation of , the
number of LEDs that can be supported is thus limited. Specif-
ically, the number of LEDs that can be supported by this es-
timation approach is only around 100 for the frequency range

and response time .
In many practical lighting applications, however, a signifi-

cantly larger number of LEDs needs to be supported, e.g., [7],
[9], and [10]. In this paper, therefore, we develop an estima-
tion approach that yields superior performance in comparison
to the estimator that uses only the fundamental frequency com-
ponent. Specifically, we try to reduce the induced interference
between different LED signals, as well as exploit more signal
power from the sensor signal. To this end, we consider using
higher order harmonics in this paper. This approach is attrac-
tive for two reasons. First, there is a larger frequency separation
between the higher harmonics of two adjacent frequencies. For
instance, the spacing is in the harmonic, i.e., times
the spacing in the fundamental frequency range. In the presence
of frequency offsets, the spacing between the harmonic of
two actual frequencies is also times
of the spacing . If the signals from different
LEDs are disentangled based on the harmonic of the sensor
signal for the purpose of estimating , we only need to con-
sider the spacing and set to be sufficiently large,
e.g., . Therefore, we can possibly achieve a much
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smaller if a higher order harmonic is exploited. Equivalently,
a larger number of frequencies can potentially be packed in
the given frequency range. Secondly, we can utilize the power
in the higher order harmonics of the sensor signal. This is es-
pecially useful in the situation when the individual estimation
performs worst, viz. when is close to 0 or 1, in which case
the bulk of the signal power lies in the higher order harmonics
rather than the fundamental frequency component.

When multiple harmonics are considered, the signal from the
LED consists of multiple sinusoids whose frequencies are

multiples of the same fundamental frequency . The objec-
tive of illumination sensing is then to estimate the parameters
of these sinusoids. The problem of sinusoid parameter estima-
tion has attracted a lot of research interest in literature. However,
the literature focuses either on parameter estimation of multiple
sinusoids that are not harmonically related, e.g., [11]–[14], or
on parameter estimation using multiple harmonics for a single
source, e.g., [15]. The problem in this paper, i.e., multiple har-
monics from each of multiple sources, as such is fundamen-
tally different from previous works. New challenges arise in this
problem setting. One of the key questions concerns the perfor-
mance limit with the use of multiple harmonics. More specif-
ically, it is important to understand the limit on the number of
LEDs that can be supported. Provided that there is indeed signif-
icant potential to support a large number of LEDs, another key
challenge is then how to design an estimation approach with
manageable computational complexity to materialize this po-
tential. All these issues will be addressed in this paper.

In our previous work [16], we have introduced a succes-
sive estimation approach based on multiple harmonics. In this
paper, we consider the approach in more detail. We derive upper
limits on the number of LEDs that can be supported, based on
Cramér–Rao bound (CRB) analysis. Further, the computation
complexity of the algorithm is also provided along with more
extensive simulations.

The rest of this paper is organized as follows. After a detailed
problem description in Section II, upper limits on the number
of LEDs that can be supported are derived in Section III. There-
after, a low complexity successive estimation approach and
an associated LED grouping and frequency allocation scheme
are presented in Section IV. The computational complexity
of the proposed approach is also analyzed. Simulation results
to address the performance of the estimator are presented in
Section V, vis-a-vis the upper limits presented in Section III.
Finally, Section VI concludes this paper.

II. PROBLEM DESCRIPTION

The sensor signal at the output of the photosensor is given by

(2)

where is the number of LEDs and is assumed to be known
from system installation. The sensor signal component is
due to the LED, and is a rectangular function with

when and elsewhere. The
value of is prescribed by the central controller and also known
to the sensor. Each thus consists of a pulse train with an
amplitude , an initial phase and a frequency . The am-
plitude characterizes the illumination contribution of the
LED, and is the primary parameter to be estimated. The phase

is unknown since there is no synchronism between the spa-
tially distributed LEDs and between the LEDs and the sensor.
The frequency is not exactly known due to the fre-
quency offset , although the ideal frequency is known as the
identifier for the LED. Moreover, the frequency offset is
considered to be within bounded values [17] and the fluctuation
of the offset value is considered negligible within the consid-
ered response time such as . The bounded values are
normally represented by the relative ratio , in terms of parts
per million (ppm), with respect to the actual frequency , i.e.,

.
The ideal frequency , as introduced in Section I, is allo-

cated between and , i.e., the con-
sidered bandwidth is . In [7], the

are allocated uniformly between and with a fre-
quency spacing between adjacent frequencies. In this paper,
however, as will be explained later, we divide the frequency
range into sub-ranges. The ideal frequencies

in each subrange are still uniformly allocated with a
frequency spacing , except that decreases as in-
creases. Nevertheless, the value of is always known to the
sensor as the identifier for the LED. The value of can be
anywhere between and . To obtain an accurate
estimate of , the values of and also need to be estimated.
The noise term , consisting of electronic and shot noise, is
assumed to be additive white Gaussian noise with double-sided
power spectrum density . For a practical indoor environ-
ment [7] with an illuminance of 1000 lux and a photodiode with
an area of , is in the order of ampere Hz.
To estimate , it is convenient to express in the
form of harmonics, i.e.,

(3)

where is the magnitude of the harmonic. Note that
this paper deals with baseband signals from unsynchronized
LEDs, and there is no in-phase and quadrature components
analysis of the signals [14, Ch. 5.4]. Therefore, we focus on
the real-valued cosine signal model in (3) instead of com-
plex-valued exponential signal models. For a rectangular
pulse with a known duty cycle , we have a known
given by . Note that, under prac-
tical protocols for PWM light dimming control [18], we have

. The phase term is
. The estimation of is then transformed

to the estimation of .
For the estimation of , the key requirements concern

speed and accuracy. The first requirement is that the response
time . The second requirement is that the estimation
results should be accurate enough such that the estimation error
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is invisible to human eyes. More specifically, as long as the cost
function [7], [19]

(4)

where denotes the estimated value for , the estimation error
is considered acceptable.

With the above requirements on speed and accuracy being
satisfied, the key challenge is to design an estimator so as to ac-
commodate more LEDs, compared to [7], by allowing a smaller
spacing between adjacent frequencies. In [7], only the term

in (3) is used for the estimation of . In contrast, we shall ex-
ploit multiple harmonics in this paper.

Further, in (3), the direct current (DC) components with
for different are not distinguishable, and hence are of no

use for the purpose of illumination sensing. The useful signal
power lies in all the other harmonics. Given , the DC
component equals for each LED.
Hence, the useful signal power of the LED is

(5)

Considering a noise bandwidth to be proportional to , we de-
fine the signal-to-noise ratio as

(6)

The maximum value of , e.g., when a sensor lies in the center
of a narrow LED beam, is in the order of ampere. For each
, the worst case SNR occurs when . Hence, from (6),

we can get, for , that

(7)

III. PERFORMANCE LIMITS

In this section, before applying any specific algorithms, we
investigate the potential parameter estimation performance that
can be obtained by exploiting multiple harmonics. Specifically,
there are two limiting factors. One is due to the influence of
frequency offsets on the ability to identify different LEDs. The
other concerns the influence of noise and is based on the study
of the Cramér–Rao bound (CRB).

A. Number of Distinguishable LEDs in the Presence of
Frequency Offset

In the FDM scheme, we use frequencies as the identifiers of
the LEDs. The frequencies are thus allocated in a strict order,
i.e., . If, due to the frequency offsets, the order of

the actual frequencies is changed, e.g., for some
, the sensor will not be able to identify these two LEDs cor-

rectly. Hence, the spacing between allocated frequencies should
be large enough to avoid this issue. Assuming the relative clock
accuracy is denoted by , i.e., the frequency offset ,
as introduced in Section II, we get that the actual spacing be-
tween two adjacent frequencies is

. The minimum value of is thus
. In order to maintain , we

should have , hence

(8)

where

(9)

By induction, we get that . Given that
for any , we further have

(10)

Thus, we get

(11)

Note that, in order to achieve this upper limit, the ideal fre-
quencies should be assigned in an exponential scale, i.e.,

.
For a low cost design, the clock inaccuracy is assumed to be

. From (11) and , this
implies .

B. Limit on the Estimation Accuracy

Here, we consider the effect of noise on the estimation perfor-
mance based on the Cramér–Rao bound (CRB), which gives a
lower bound on the variance of the estimation error for any unbi-
ased estimator. In fact the CRB can be approximately achieved
by a maximum likelihood (ML) estimator at high SNR [12].
Thus, in this paper, we consider the CRB as an indicator of the
maximum achievable performance. Of particular interest in this
paper is the maximum number of LEDs that can be supported
when the estimation error is bounded. Equivalently, given the
limited bandwidth to assign the frequencies , we investigate
the CRB at different between adjacent frequencies.

For illumination sensing, the estimation performance is mea-
sured in terms of , see (4). We therefore focus on the ac-
curacy in amplitude estimation when the frequencies and
phases are unknown, as explained in Section II. Let
denote the CRB on the estimation of . The smallest MSE
achievable by an ML estimator is , where

denotes the expectation operation and is the estimated
value by an ML estimator. In the ML estimator, is fixed, while

is random due to the presence of random noise in .
Therefore, the expectation is taken over all realizations of .
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Based on the definition (4), we consider the following cost
function:

(12)

It can be shown that represents the worst case for the expected
performance of the ML estimator, i.e.,

(13)

where is defined, according to (4), as

(14)

Proof: To prove (13), consider that

(15)

Due to Jensen’s inequality [20, chap 3.14] and since the function
is a concave function, we have

(16)

From (15) and (16), we have .
Then based on (12) and (14), we have

From (13), represents the worst case performance of the
optimum ML estimator. We will then use as a reference to
investigate the potential estimation performances. From (4), we
additionally require that .

In order to obtain , we first need to obtain the CRB .
To this end, we let denote the vector of unknown parame-
ters, i.e., ,
where denotes the operation of matrix transpose. We can
then obtain the Fisher information matrix of size .
The element of equals

(17)

Fig. 3. Estimation performance bound for different number of LEDs, when
� � �� �� and only the fundamental frequency component is considered,
� � ��� �, � � �, � � � , � � � � 	� � �
� , SNR � � �� �,
for � � � to � , and 	 � 	 for � �� 
.

where and denote the and element of the vector
, respectively. The CRB on the estimation error of the param-

eter for to can be obtained [11] as , i.e.,
the diagonal element of the matrix . In the following,
we first discuss the CRBs when there is no frequency offsets
and later analyze the the impact of frequency offsets.

1) No Frequency Offsets: For convenience of investigation,
we first ignore the frequency offsets when discussing the CRB.
In this case, the CRB is mainly determined by the noise level
and the spacing . Of particular interest is the minimum
that yields adequate estimation performance. Moreover, in order
to allocate as many LEDs as possible, we assume a uniform
frequency spacing between the LEDs, where every spacing is
equal to the obtained minimum spacing.

Fundamental Frequency Component: When only the fun-
damental frequency components are considered, the parameter
estimation of multiple pulse trains studied in this paper is equiv-
alent to the parameter estimation of multiple sinusoids. The
CRB for this problem has been computed in [11], [12]. It was
shown that the characteristics of the CRB are dependent on
the frequency spacing, denoted by , between different sinu-
soids. Specifically, there is a threshold, denoted by ,
on [11]. If , the CRB in the presence of mul-
tiple sinusoids appears to be close to that when there is only a
single sinusoid. This CRB is thus also named asymptotic CRB
in [12]. On the other hand, if , the CRB increases
rapidly with the number of sinusoids. Moreover, the values of
the non-asymptotic CRB are highly dependent on the actual
values of .

In this paper, given a response time , and the target
to support much more than 100 LEDs as achieved in [7], we
need to consider the non-asymptotic CRB. Moreover, in contrast
to [11] where numerical results for more than three sinusoids
were not presented, we consider . By way of example,
we consider the case , , and
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Fig. 4. Estimation performance bound at different frequency spacing when up
to � harmonics are considered, � � ��, � � ��� �, � � �, � � � ,
� � � � ��� ��� , SNR 	 � 	
 ��, for � � � to � , and 
 � 
 for
� �� �.

for every , and for . In this duty cycle set-
ting, the power in the fundamental frequency component is min-
imal, and thus this is a difficult case for the estimator when only
the fundamental frequency components are considered. Further,
as the induced interference is one of the most important per-
formance limiting factors, we consider the case when all the
LEDs have the same illuminances such that there are equally
strong interferences between the LEDs with neighboring fre-
quencies. In practical simulations, we also consider the case
when , as will be discussed in Section V. Moreover, we
consider here to support at least 200 LEDs. Then,
we consider the scenarios when only the LEDs with to
are switched on. With increasing from 1 to 10, we can obtain
the value of worst case performance among all the LEDs, i.e.,

, as presented in Fig. 3. It can be seen that the estima-
tion bound increases significantly when increases beyond 3,
and the requirement for all cannot be satisfied.
In other words, we cannot allow if only the funda-
mental frequency component is used.

Note that, when , the CRB is determined only by noise
and we can obtain from [21] that

(18)

where characterizes the amplitude of the fundamental fre-
quency component, as in (3), and . Hence we
have that

(19)

When and , we have , as
can be seen in Fig. 3. When , however, there is no ana-
lytical form for . Further, the value slightly decreases
when increases from 1 to 2, although there is an increase in

. The reason is that there is a normalization factor
for due to the definition of the cost function in (12). When
increases from 1 to 2, the increase in is overshadowed by the
increase of the normalization factor. When increases beyond
2, the speed of increase in is much faster than the increase
in the normalization factor. The value hence keeps in-
creasing with .

Multiple Harmonics: Now, we consider using higher
order-harmonics besides the fundamental frequencies. From
numerical results, as illustrated in Fig. 4, we can conclude
that there is also a threshold on the frequency separation,

, when up to harmonics are considered.
When , the CRB increases dramatically with the de-
crease of , and consequently, the requirement
for every can not be satisfied.

When , the asymptotic CRB applies. Thus we have
[15]

(20)

For the case for every and for , we
have

(21)

as numerically shown in Fig. 4, for , and
.

Thus, the maximum number of LEDs that can be supported
can be written as

(22)

Clearly, is linearly proportional to . This indicates the
potential of supporting more LEDs with the use of higher har-
monics. Note that the basis of this linear relationship is that the

harmonic is strong enough to be utilized for the separation
of the signals from different LEDs. When becomes larger,
however, the strength of the harmonics, which is approxi-
mately proportional to , tends to be weaker. The linear re-
lation in (22) will thus not hold for an extremely large . In
particular, when , converges to a fixed value, de-
noted by , as will be discussed next.

Infinite Number of Harmonics: When , the shape
of the pulse trains become exactly rectangular. The CRB can
be obtained correspondingly. Similar to the analysis on CRB
when , we are particularly interested in the threshold

with respect to such that the square pulse trains can be
viewed as uncorrelated if . To obtain , we consider
two rectangular pulse trains with close frequencies. Further, it
is most difficult to distinguish the two pulse trains if they have
identical duty cycles. Hence we focus on the case when both
duty cycles are equal to , as it is the most interesting case
to study the estimation performance with the use of the multiple
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harmonics. Heuristically, if such two pulse trains keep overlap-
ping each other within the response time , it is difficult to dis-
tinguish them. Given the fact that there is always a relative shift
between such pulse trains due to the frequency difference ,

can be approximated obtained by the following procedure.
Given two frequencies and . In every

interval, there is a relative shift of between these two
pulse trains. Within the response time , there is a relative shift

(23)

The threshold can be determined such that the relative shift
when is as large as the width of a single pulse

, i.e., . Hence, we get

(24)

(25)

For the case , we have .
Since , see (22), for the range of that is of prac-

tical interest to this paper, we only consider the relation (22),
unless specified otherwise. The discussion on the transient be-
havior of between (22) and the convergence value shown
above is beyond the interest of this paper.

To summarize, in the absence of frequency offsets, we ob-
tained that the number of LEDs that can be potentially supported
is linearly proportional to the number of harmonics that are used,
up to a limit that is determined by .

2) Impact of Frequency Offsets: In the presence of frequency
offsets, the real frequency spacing is unequal
to . We thus should make sure that
is larger than the threshold for different . As discussed
in Section III-A, the minimum value of is

. From ,
we can obtain

(26)

where is defined in (9) and

(27)

By induction, we have

(28)

Thus, we get

(29)

Substituting (9) and (27) into (29), we get

(30)

When , we get and that the bound in (30)
converges to that in (11). Note that, from the discussion on the
case of infinite harmonics in Section III-B-I, we should in fact
consider in (24) to obtain a tighter bound for the case

. Similar to the derivation of (30), we can obtain the bound

(31)

In a practical situation with and , the
bounds in (30) and (31) are equal to 3466 and 3346, respec-
tively. Hence, there is only a minor difference between these
two bounds as . In the following numerical results, we
thus only consider (30) for convenience.

In Fig. 5(a), we show the number of LEDs that can potentially
be supported at different response time with the clock inaccu-
racy . At a larger , a larger number, , of LEDs
can be supported with the same number, , of harmonics when

. However, when , there is a common upper
limit prescribed by , see (11), for every . Moreover, when is
fixed and changes, the numerical results are shown in Fig. 5(b).
When is small, the number of LEDs that can be supported
is mainly determined by , and hence the difference due to dif-
ferent is not significant. However, when , there is a
much larger potential on for a smaller . Finally, as shown in
Fig. 5, at the typical condition and ,
we can increase the number of LEDs by an order of magnitude
through exploiting multiple harmonics of the sensor signal.

IV. SUCCESSIVE ESTIMATOR

To exploit the high performance potential through the use
of multiple harmonics as discussed in Section III, in this sec-
tion, we propose a practical estimator that utilizes multiple har-
monics.

A. Frequency Domain Perspective

We describe the proposed estimator from a frequency domain
perspective. Due to the required limited response time , we
are limited to use only the sensor signal in a interval. Equiv-
alently, the sensor signal is multiplied with a windowing
function with a time span . In the Fourier domain, we
have

(32)

where

(33)
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Fig. 5. Number of LEDs that can be supported when � harmonics are considered, � � � ��� (a) � � ��� ��	, at different � (b) � � ��� 
, at different �.

Fig. 6. Frequency range for different harmonics.

Here, is the Fourier transform of the windowed signal
from the LED ,
denotes the harmonic component in and is
the Fourier transform of . Without loss of generality, we let

. The Fourier transform of the windowed noise term
is denoted by .

In order to utilize multiple harmonics for the estimation of
, we first look at the frequency ranges for different

, as illustrated in Fig. 6, for to 4. It can be seen that
the frequency ranges for different overlap each other. This
overlap indicates that there is mutual interference between dif-
ferent harmonics from different LEDs, and the interference is
dependent on the phases that are unknown. Hence, it is not
straightforward to use the harmonic and support times
more LEDs.

B. Successive Estimation Procedure

A closer inspection of Fig. 6 indicates that there is no fre-
quency overlap in the frequency range between 4 kHz to 6 kHz
in the second harmonic range. Hence, there is no interference
from other harmonics. An estimator can thus be built based
on this second harmonic frequency range to obtain estimates,

, for the LEDs with . We call
this estimator the Component Estimator, as it is a component of
the successive estimation process described later in this section.

Before describing such component estimators in further
detail, we extend the results from [7] on the spacing between
two fundamental frequencies into the case of higher harmonics
and obtain the following frequency spacing criterion: When the

harmonic frequency component is used, as long as the
frequency spacing between two adjacent order harmonics,

i.e., , satisfies , the estimates
are sufficiently accurate in the sense of (4), with

response time . The above criterion applies when there is no
interference from other harmonics and when the triangular win-
dowing function [7] is applied. Since we have ,
the frequencies can be more closely packed by a factor of

, in comparison to that in [7]. A larger number of LEDs can
thus be supported using higher order harmonics while main-
taining adequate estimation performance. Due to the frequency
overlap as illustrated in Fig. 6, it is, however, not possible to
estimate every using the highest possible harmonic
order. Instead, in this paper, we propose a grouping strategy
and a successive estimation procedure.

In the grouping strategy, the LEDs are divided into
groups. Correspondingly, the fundamental frequency range
between and is also divided into non-overlapping
regions. We have a uniform frequency allocation within each

group with a frequency spacing denoted by , where
to . The value of , however, can be different

for different . Based on the grouping strategy, we propose
a successive estimation procedure to obtain . To
elucidate the grouping strategy and the successive procedure,
we first consider the case of groups and then extend
into a larger .

1) Successive Procedure for : When , we
consider the frequency range up to the second harmonic range,
i.e., up to .

First, let us only consider the second harmonic range
from to . Denote by Group 1 all the LEDs
with a second harmonic in this frequency range, or equiva-
lently . The frequency ranges
of different harmonics corresponding to Group 1 are illus-
trated in Fig. 7 by the dark blocks. There is no frequency
overlap between this second harmonic range of Group 1
and any other harmonic frequency range of any LEDs.
The above spacing criterion thus applies here based on the
second harmonics. Therefore, we have .
Further denote the fundamental frequency range of Group
1 by . Clearly, .
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Fig. 7. Illustration of the successive estimator for � � �. The dark regions
correspond to the frequency ranges of the LEDs in Group 1. The shaded region
illustrates the second harmonic range of the LEDs in Group 2.

Fig. 8. Illustration of the successive estimator for� � �. The dark and shaded
regions correspond to the frequency ranges of the LEDs in Group 1 and 2, re-
spectively.

Hence, the number of LEDs in Group 1, denoted by , is
.

After estimating , for to , based on
, we can also reconstruct for different

by

(34)

Then if we subtract all the components in that are due to
the LEDs in Group 1, by

(35)

the overlap between the second and third harmonic ranges is
removed, as seen from Fig. 7. Hence, using the component es-
timator in Section IV-C, we can estimate the parameters for the
rest of the LEDs, named Group 2, based on their second har-
monics, too. The second harmonic range for Group 2 is illus-
trated as the shaded blocks in Fig. 7. We can thus get

, and . In this way, we can
achieve LEDs, which is twice as large as
that in [7].

2) Successive Procedure for : The above grouping
and successive estimation procedure for two groups can be gen-
eralized to the case of groups. When , the fre-
quency allocation for Group 1 remains the same as for ,
however the frequency allocation for Group 2 is changed, as il-
lustrated in Fig. 8.

Here, the parameters of the LEDs in Group 2
are estimated based on the third harmonics from to

. As can be seen in Fig. 8, this frequency region is
overlap free in

(36)

i.e., after the frequency components of the Group 1, corre-
sponding to the dark blocks in Fig. 8, are removed from .
Hence, the spacing criterion presented above applies here
and we need to have to obtain sufficiently

accurate estimates for the LEDs in Group 2. We
thus obtain and

.
Note that the upper limit of this third harmonic

range is determined based on the following criterion: After
, i.e., the Fourier transform of the signals

from both Group 1 and Group 2, is subtracted from , the
overlap between the fourth and third harmonic range is com-
pletely removed. As such, if the entire third frequency
range is available to be used for the parameter estimation of the
LEDs in the third groups. Alternatively, when , part of
the fourth harmonic range starting from can be used for
Group 3.

The above criterion can be further extended to other groups.
By way of illustration, we consider Group . In this group,
the LEDs indices are to , where

. Based on the estimated results for
to , i.e., the LEDs in the first groups, we can subtract
the frequency components due to these LEDs by

(37)

where is the estimated value of , i.e.

(38)

Moreover, we focus on the harmonic frequency range for
the group, from and

. After the subtraction in (37), this becomes an overlap-free
frequency range. Hence, we only need to consider

(39)

In order to obtain (39), the value of should be accurate
enough so that, in , there is ideally no frequency compo-
nent due to the LEDs with . However, there is al-
ways a residual error in due to the estima-
tion error in for . This residual error
will in turn result in larger errors in the estimates for

. This effect is referred to as error propa-
gation. In order to limit the effect of error propagation, it is desir-
able to obtain a high accuracy in the estimation of by
the component estimator, as will be discussed in Section IV-C.

For the group, we take the harmonic range
from to . Thus, we have

, since
. The parameters of the LEDs are
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TABLE I
PARAMETERS FOR THE DIFFERENT GROUPS FOR THE NEW ALLOCATION

SCHEME

Fig. 9. Number of LEDs that can be supported by the successive estimation
approach according to (40), compared to the upper limit according to (30), at
� � ��� ��� and � � ��� �.

estimated based only on the harmonic signal. Hence, the
equivalent frequency spacing between two adjacent frequencies
in terms of is . The number of LEDs

can then be calculated as
. Table I lists the results of the LED grouping and

frequency allocation scheme. Note that the last group takes the
rest of the harmonic range, so the property of the last group
is slightly different from that of the previous groups.

From Table I, the number of LEDs that can be supported is

(40)

where the approximation is from [22, chap 1.2, pp.75–79] and
. Hence, the number of LEDs in this scheme scales

logarithmically with . The numerical values of are shown
in Fig. 9.

Note that there is in practice an upper bound for due to
the same reason in Section III-B. In order to maintain the order

for every in the presence of
offset, we should have a frequency spacing

(41)

Thus, we have

(42)

When , , and , we have
for the proposed allocation scheme.

We can see from Fig. 9 that the number of LEDs achieved
is several times smaller than the upper limit obtained in
Section III. The performance difference is because we focus
on a suboptimum estimation approach, namely the successive
estimation, with a low complexity, as will be discussed in
more detail in Section IV-D and the Appendix. Associated
with this suboptimum estimation approach, we also apply
a suboptimum frequency allocation scheme. In the applied
frequency allocation scheme, there is a uniform frequency
spacing between the LEDs within the same group and the value
of the frequency spacing keeps decreasing from Group 1 to

. Whereas in Section III-B, it is shown that the optimum
frequency allocation should be in an exponential scale. To be
able to attain a performance that is closer to the upper limit,
more sophisticated estimation approaches, such as based on
maximum likelihood estimation, may be employed, associated
with the optimum frequency allocation scheme. However, the
computational complexity of such approaches tends to be much
higher, especially when the number of LEDs is large.

C. The Component Parameter Estimator

In this section, we present a component parameter estimator
that is used in the successive estimation procedure presented
earlier in Section IV-B. This component parameter is applied
once to each of the groups. The aim of this estimator is to
obtain an estimate for each in every group.

This component estimation procedure can be divided into two
steps. By way of illustration, we consider the group . In the
first step, we estimate the amplitude, frequency and phase of the

harmonic of each LED, denoted by , and ,
respectively. We also know that , ,
and is a multiple of such that .

Hence it is straightforward to obtain from and
. It is however more complicated to obtain due to phase

ambiguity, which will be resolved in the second step.
1) Obtain : As shown in [7], we can design the

windowing function such that , for
, so that ideally we can use to estimate and .

In practice, however, due to the existence of frequency offsets,
we should in fact use , instead of . Moreover,
there may be some induced interference from to the
value , since no longer lies on the zeros of

. The resulting estimation error due to these effects of fre-
quency offset is not tolerable, especially because of error prop-
agation in the successive estimation procedure. Thus, due to the
induced interference between and , we subtract
the interfering from for the parameter estima-
tion of the LED. Further, a more accurate estimation of ,
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instead of simply using , is desirable to arrive at better esti-
mation of and , too. To this end, we propose an iterative
estimator as given in Algorithm 1.

Algorithm 1: An Iterative Parameter Estimator

1:for to do

2: ,

3:

4:

5:end for

6:for iterations do

7:for to do

8: , where

9: , where

10:

11:

12:

13:end for

14:end for

The initial value of for each is set to be equal to the ideal
frequency . The initial value of and are then obtained
based on the magnitude and phase of . We can also then
obtain the initial estimated harmonic component
for each .

In each of the iterations, for the LED, we subtract
the component of the neighboring LEDs from ,
where , since these LEDs give the most sig-
nificant induced interference to . In practice, it suffices
to have and . The result of this subtrac-
tion is considered to be an updated . Then is obtained
by locating the peak of and and can in turn be
updated based on .

2) Resolve Phase Ambiguity: In the result of Algorithm 1,
besides and , we can obtain , which could correspond
to possible values , denoted by for to , such
that . This is due to phase ambiguity. This
phase ambiguity has to be resolved for the successive estima-
tion procedure since to will be later used for the
subtraction steps. To this end, we consider the har-
monic range of the LEDs in the group. Specifically,
we consider

(43)

Theoretically, for every possible , we can reconstruct
. Among these , the one that makes

closest to the value of at is taken as
. In practice, due to the interference from the neighboring

LEDs, we also consider the and LEDs
jointly with the LED. Specifically, there are in total
different combinations of , where

.
Let . For every possible , we can regen-

erate , for . The optimal
is given by

(44)

and the final estimate is obtained as . The phase
ambiguity is as such resolved.

Finally, note that the and harmonics of every
LED in the group should exist for the above described
component estimator to work effectively. This gives a minor
constraint on the duty cycles. In particular, it is required that
each in the group has to satisfy that both
and are larger than , where is small (e.g.,
is chosen in the numerical results presented in Section V).

D. Complexity Analysis

The computational complexity, in terms of real multiplica-
tions, of the proposed successive estimation approach can be
shown to be , where is given by (46) and (47)
in the Appendix. We then compare this complexity with that
of the approach in [7]. In the approach in [7], the number of
LEDs that can be supported is about . The number
of real multiplications is then , where

is the oversampling rate as defined in Appendix I. Fig. 10
shows the numerical results for for different

. Here, we assume both approaches use the
same . It is seen that the complexity increases approxi-
mately linearly with respect to the total number of LEDs .

In particular, to support 500 LEDs with , the total
computational complexity the proposed approach in this paper
is less than 20 times of that of the individual estimator in [7].
Considering the fact we also support five times as many LEDs as
in [7], the computational complexity per LED is only increased
by a factor of four, and is thus maintained at a low level.

V. NUMERICAL RESULTS

Due to the large number of possible combinations of
, it is not possible to show the performance for

each parameter set. By way of illustration, we show the case
when for every , when there is significant signal
power in the higher harmonics. Further, we take for
every , such that every LED receives significant inter-
ference from other LEDs. The frequency offsets and are
generated randomly, based on uniform distributions, according
to 100 ppm clock inaccuracy and . Moreover, a
triangular windowing function [7] is applied to the sensor
signal.
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Fig. 10. The relative computational complexity � �� for different
�. Here in the curve, every bullet corresponds to a value of� prescribed by (40)
when � increases from 1 to 30.

Fig. 11. Estimation performance of each group when � � ��, for � � ���.

Numerical results are shown in Fig. 11 for ,
and . Specifically, the estimation error
for the LEDs in each group is depicted. Here, the simulations
were performed 100 times and the worst case was selected for
each among the 100 simulation instances. It can be
seen that there tends to be a larger error in the later groups than
the earlier groups, attributed to error propagation and larger fre-
quency offsets. Nevertheless, the estimation error is well below

for every LED, as required.
We can further test the performance of the proposed approach

for different system parameters. At different SNRs, the estima-
tion performance can also be obtained, as illustrated in Fig. 12.
At a lower SNR, the noise introduces a larger estimation error
in the groups with a smaller . This error will further result an
even larger error for a larger due to error propagation. Nev-
ertheless, from Fig. 12, we can obtain adequate estimation per-
formances as long as .

The performance of our proposed approach can also be com-
pared with that of the ML estimator that is prescribed by the

Fig. 12. Estimation performance for different SNR with � � ��, � � ���,
� � � for each �, and � � � for � �� �.

CRB analysis in Section III-B. Referring to (21) and replacing
by , we have

(45)

the numerical results of which are also presented in Fig. 12.
It can be seen that the performance of the proposed low com-
plexity successive estimation approach, although adequate for
the illumination sensing application for , can still po-
tentially be improved significantly by applying more sophisti-
cated approaches such as ML. Moreover, it can be observed that
the estimation error in the successive estimation approach does
not decrease as quickly as that in the ML estimator, when SNR
increases. This is because the performance of the successive es-
timation approach is also affected by the frequency offsets and
error propagation, besides the noise.

In all the presented numerical results, we take
and . If we only consider the case
and for each and , we can take smaller values for

and . However, there are other possible cases,
e.g., when and could be quite different for different .
In these cases, the LEDs with a smaller amplitude may
suffer from serious induced interferences from LEDs with a
much larger amplitude where both and LEDs are
in the same LED group. Therefore, the values of and

are taken to give adequate performances also in
such cases.

VI. CONCLUSIONS AND FUTURE WORK

We considered the use of multiple harmonics for parameter
estimation in illumination sensing for FDM based LED lighting
systems. We showed, using the CRB and a frequency error anal-
ysis, that a significantly larger number of LEDs can potentially
be supported through exploiting multiple harmonics, in com-
parison to the approach when only the fundamental frequency
component is used. Specifically, the number of LEDs can be
potentially increased by an order of magnitude. Thereafter, a
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successive estimation approach with a manageable compu-
tational complexity was presented. With this approach, the
number of LEDs that can be supported scales logarithmically
with the number of harmonics considered. Simulation results
indicate that we can support at least five times the number of
LEDs in comparison to the method previously described in
[7]. A possible future research direction will be to close the
gap between the upper limit on the number of LEDs, and that
achieved by the successive estimator, also with a manageable
computational complexity. As another future research topic,
the results obtained in this paper with the use of a single pho-
tosensor can be extended to the case with multiple distributed
photosensors, e.g., for the study of illumination sensing for
large objects.

APPENDIX

COMPLEXITY ANALYSIS

In the following steps, we discuss the computational com-
plexity of the proposed estimation approach for the parameters

of the group. Here we focus on the com-
plexity of a typical implementation to study the basic properties
of the computational complexity. More efficient implementa-
tions are beyond the scope of this paper. Moreover, we focus on
the number of real valued multiplications, since this operation
represents the majority of the computational complexity.

Obtain : For the estimation of the parameters of the
LEDs in the group, we need to consider the
harmonic frequency range with a bandwidth , where

is shown in Table I. Assuming a fast Fourier transform
(FFT) is used to obtain , we first need to filter the signal

and sample the filtered signal with an oversampling
rate . The number of samples is thus

. In the frequency domain, we obtain
the FFT at discrete frequency components. Thus, is lin-
early proportional to the frequency resolution.

Without loss of generality, we assume to be
the power of 2. The number of complex multipli-
cations to obtain is then known [23, chap.
9] to be

. More-
over, one complex multiplication can be realized
through four1 real multiplications and two real ad-
ditions. Thus, the number of real multiplications is

.
Obtain : To obtain as given in (37), we

need to subtract from the frequency components due to
the LEDs in the groups 1 to in the frequency
range to . The orders
of the interfering harmonics are from to

, where denotes the floor of , i.e., the
maximum integer that is not larger than . Therefore,
the corresponding frequency range of the interfering
LEDs are ,

1Here, we only consider a straightforward way of implementing the oper-
ation of complex multiplication. There exist alternative ways, e.g., to reduce
the number of real multiplications to 3 with the cost of more additions, corre-
sponding to one complex multiplication.

Fig. 13. The number of interfering LEDs for each group, � � � �� and
� � � �� , for � � ��.

. The number of LEDs in each of these ranges can be
obtained easily based on . The sum of the interfering
LEDs in all these regions is the total number of interfering
LEDs for the group , denoted by . The value of

can be obtained numerically. For convenience, the
value of is normalized by the value .

Let . From Fig. 13, the value of is in the
range between 0 to 2.5 for . Theoretically, we need to
obtain for any and at all the discrete fre-
quencies. However, due to limited window length , for every
interfering LED, we only need to consider the frequency range
within a few times , e.g., . Hence, we only need to up-
date by frequen-
cies. For every frequency, we need to perform two real multi-
plications. Hence, the total number of real complications in this
part is .

Obtain the Initial Estimates : As for the steps
1 to 5 in Algorithm 1, the dominant complexity lies in step
4, where the number of real multiplications is for each
LED. The total number of real multiplications in this part is thus

.
Iterative Estimation of : Similarly to the

above step, the dominant complexity in steps 7 to 15 in Algo-
rithm 1 lies in step 13, where the number of real multiplications
is . Hence, the total number of real multiplications in this
part is .

Obtain : For the purpose of resolving the phase
ambiguity, we need to obtain , see (43), at for
every in group . This process is similar to that of

, except that we look at a lower harmonic of the LEDs
in group . The bandwidth of interest, and the sampling
frequency, is thus reduced by a factor of . There-
fore, the number of real multiplications to obtain equals

.
Then, the number of computations to subtract the frequency

component of the interfering LEDs from other groups is
, where is the number of interfering LEDs
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in this frequency range and . The
numerical values of are also illustrated in Fig. 13.

The total number of real multiplications in this
step is thus

.
Resolve Phase Ambiguity and Obtain : The major

computations in (44) lie in the computation of
. Basically, for each LED, we need to consider the pos-

sible phases and compute for
, and . Hence the number of real multiplications

is .
The Total Complexity: From the above steps 1) to 6), we

can obtain that the total number of real multiplications, denotedy
by , in estimating the parameters of the group
of LEDs is given by

(46)

Note that, for the last group, i.e., group, we do not have
to resolve the phase ambiguity, since the parameters of all the
other groups have been estimated. Hence, the corresponding
complexity is

(47)

As a summary, for all the groups, the number of compu-
tations is .
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