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II. N ONLINEARITY MODELLING

Abstract— This paper investigates the performance impact of
nonlinearities in the transmitter (TX) as well as the receiver (RX)
of multiple-antenna OFDM systems. First different, previously
proposed, nonlinearity models are reviewed and their equivalence
is shown. Subsequently, analytical expressions are derived for the
probability of error of multiple-input multiple-output (MIMO)
OFDM systems in Rayleigh-faded channels, which show good
agreement with results from a simulation study. It can be
concluded from the results that for high SNR values the TX
nonlinearities cause performance floors, which are independent
of the MIMO configuration. For RX nonlinearities, however, the
performance in this high SNR region does depend on the MIMO
configuration. The results can be used to derive limits for the
permissible nonlinearities in MIMO OFDM systems.

In literature several baseband equivalent nonlinearity models
are proposed, the most commonly used ones of which are
the ideal clipping amplifier model, the travelling wave tube
amplifier (TWTA) model of [6] and the solid state amplifier
(SSA) model of [7]. Let us define u = Aejφ to be the baseband
signal input to the nonlinearity g(·). Since for these AM-AM
nonlinearities g(u) = ejφ g(A), we can define the transfers of
these three nonlinearities as

A for A ≤ A0 ,
(1)
gideal (A) =
A0 for A > A0 ,
gTWTA (A) = χA A/(1 + κA A2 ),
1

gSSA (A) = A/ 1 + [A/A0 ]2p 2p ,

I. I NTRODUCTION
The transfer experienced during a wireless transmission can
in general be treated as linear, when conventional constant
modulus signals are applied. Signals with high peak-to-average
powers (like OFDM), on the other hand, likely experience
nonlinearities in the different parts of the RF front-end, e.g., in
the power amplifier and the low-noise amplifier. For a MIMO
OFDM system, which requires multiple front-ends in both the
TX and the RX of the system, the problem is more complicated
as all transmission chains exhibit their own nonlinearity. Since
the impact of nonlinearities can be significant for OFDMbased systems and remains unstudied for MIMO OFDM upto
now, a careful investigation of the performance impact for such
systems is justified and will be presented in this paper.
The influence of nonlinearities on the performance of conventional single-input single-output OFDM systems was earlier treated by several authors [1–5]. The work presented in [1],
[3], [4] only regards a system experiencing an AWGN channel
and TX nonlinearities. The work in [2] is limited to TXbased clipping for an OFDM system experiencing a wireless
channel. Finally, the influence of TX clipping in a system
experiencing either an AWGN or Rayleigh-faded channel is
treated in [5]. The authors of [5], however, limit their analyses
to the derivation of channel capacity and effective SNR.
The paper extends the work presented in these papers by
regarding the influence of both TX- and RX-caused nonlinearities on the symbol-error rate (SER) performance of MIMO
OFDM systems applying M -QAM modulation in Rayleighfaded channels. The results are shown to be applicable for different previously presented memoryless nonlinearity models.
The analysis is limited to amplitude-to-amplitude (AM-AM)
nonlinearities, since for most amplifiers the influence of AMAM distortion is dominant over that of amplitude-to-phase
distortion. The paper separately regards the cases with TX and
RX nonlinearities, modelling an uplink and downlink scenario,
where the mobile station acts as TX and RX, respectively.
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(2)
(3)

respectively. Here A0 defines the amplifier saturation level,
{χA , κA } are the parameters of the TWTA model and p defines
the smoothness of the SSA model.
Another commonly used model is the odd-order polynomial
model, defined by
N
gpoly (A) = n=0 β2n+1 A2n+1 ,
(4)
where the model parameters βn are real parameters for the
here regarded AM-AM nonlinearities.
To show the equivalence between the above reviewed nonlinearity models, we derive the Taylor series expansions of the
different AM-AM models under the assumption of small A.
For the TWTA model, the result is given by
gTWTA (A) = χA A − χA κA A3 + χA κ2A A5 + O(A7 ).

(5)

For the SSA model with p ∈ {1, 2, . . .} it yields
1
2p + 1
A2p+1 +
A4p+1 + O(A6p+1 ).
2 A4p
2pA2p
2(2p)
0
0
(6)
The equivalence of (5) and (6) with (4), allows us to conclude
that the TWTA and SSA can be modelled as a special case of
the polynomial model.
To reveal the influence of nonlinearities on OFDM, we apply
the findings of [8], which shows that for a Gaussian signal u
input to a nonlinearity g(·) the output signal can be written as
gSSA (A) = A −

ud = g(u) = αu + d,

(7)

where α is a scaling factor and d represents the distortion
noise term, for which holds d ∼ CN (0, σd2 ) and E{ud∗ } = 0.
Since the OFDM signal is approximately Gaussian for large
number of subcarriers, we can also apply (7) for our analyses.
Since we have shown the equivalence between the polynomial, TWTA and SSA model, we only have to derive α and
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σd for the ideal clipping amplifier and the polynomial model
to fully specify (7) for our problem. When the variance of u
is defined as 2σ 2 , the results of the derivation are given by [9]
N
n 2n
(8)
αpoly =
n=0 β2n+1 2 σ Γ(2 + n),
αideal = 1 − exp(−A20 /(2σ 2 )) +

√
√πA0
2σ

will derive the results for carrier k, the subvectors for which
are denoted by the index (k) behind the vector. Since the
statistics are equal for all k, the resulting probability of error
can easily be generalised for all carriers later on.
A. TX nonlinearities

Q (A0 /σ) , (9)

For TX nonlinearities, the mean of the NT ×1 error vector
εT for the kth carrier is given by µ = E [εT (k)] = 0, since the
elements of n(k) and e(k) possess zero mean. The NT ×NT
covariance matrix of the error in εT (k), given the channel
matrix H(k), is given by


 H

−1
2
2

H (k)H(k)
Ω = E εT (k)εH
.
T (k) H(k) = σe + σn
(15)
The covariance matrix of sm equals σs2 I. The effective SNR
for the kth carrier of the nT th TX branch is, consequently,
given by
−1
,
(16)
℘nT (k) = 1/℘T,nT (k) + 1/℘R,nT (k)

where Γ(·) and Q(·) denote the Gamma- and Q-function,
respectively. The variance of the distortion term is given by
∞
(10)
σd2 = 0 [g(A)]2 p(A)dA − 2α2 σ 2 ,
where p(A) denotes the pdf distribution of A, which is
Rayleigh distributed when u ∼ CN (0, 2σ 2 ).
III. S YSTEM MODELLING
We can use these findings to reveal the influence of the
nonlinearities on a MIMO OFDM system. Consider a system
with NT TX and NR RX branches and NC subcarriers. When
we separately study TX and RX nonlinearities, the NR NC ×1
received frequency-domain signal vectors are given by [9]
xT = H(INC ⊗ αT )s + HeT + n,
xR = (INC ⊗ αR )Hs + eR + n,

where we have defined the TX and RX SNR as
℘T,nT (k) = σs2 /σe2 ,

(11)
(12)

 H
−1 
℘R,nT (k) = (σs2 /σn2 )
H (k)H(k)
n

T nT

respectively. Here the direct matrix product is denoted by
⊗, IN is the N -dimensional identity matrix, H is the
NR NC ×NT NC block diagonal channel matrix and s denotes
the NT NC ×1 frequency-domain TX vector, constructed as a
stacking of the MIMO TX vectors for the different subcarriers.
The receiver noise is modelled by the NR NC ×1 vector n, the
elements of which ∼ CN (0, σn2 ). The NX ×NX diagonal matrix
αX models the scaling due to the nonlinearities and is given
by diag{α1 , . . . , αNX } for X∈{T, R}. The frequency-domain
distortion noise is contained in the NT NC ×1 vector eT and
the NR NC ×1 vector eR , caused by TX and RX nonlinearities,
respectively. Since the elements of eT and eR are the frequencydomain equivalents of d in (7), it is easily verified that they
∼ CN (0, σe2 ), where σe2 = σd2 , i.e., the variance equals that of
the time-domain distortion noise, as defined by (10).
When zero-forcing (ZF) based MIMO processing with perfect channel knowledge is applied to the received signal x in
(11) and (12), we get

,(18)

respectively. Here [A]mm denotes the mth diagonal element of
matrix A. When the channel matrix H(k) has i.i.d. complex
Gaussian entries, ℘R,nT (k) is chi-square distributed with 2R =
2(NR − NT + 1) degrees of freedom. The pdf of ℘R,nT (k) is
then given by


(ρ/℘0 )R−1
exp − ρ/℘0 ,
(19)
p℘R,nT (k) (ρ) =
℘0 (R − 1)!
where ℘0 is the average SNR, given by ℘0 = σs2 /σn2 .
When we, subsequently, want to calculate the probability of
error of a system applying a rectangular M -QAM constellation
and experiencing nonlinearities, we can use the observation
from (13) and (14) that the estimated signal is given by a
scaled version of the TX signal, denoted by ŝX , plus some
error vector εX .
We will use this to derive the√SER for the square M -QAM
constellation based on that of a M -PAM constellation. Since
the real and imaginary part of the estimated symbols are
independent, for a given SNR ℘ and scaling α and a zeromean circularly symmetric complex Gaussian noise term, we
can separately study the probability of error for the real and
imaginary part of the signal. Since, moreover, the influence
of α is identical for the real and imaginary part of the
constellation, the expression for the SER can be written as
2

(20)
Peα,M -QAM,Es = 1 − 1 − Peα,√M -PAM,Es /2 ,

s̃ = H† xT = (INC ⊗ αT )s + eT + H† n = ŝT + εT , (13)
s̃ = H† xR = (INC ⊗ αR )s + H† (eR + n) = ŝR + εR , (14)
respectively. Here † is the pseudo-inverse and the scaled TX
vector is denoted by ŝX = (INC ⊗ αX )sX , for X ∈ {T, R}, and
εT = eT + H† n and εR = H† (eR + n) are the TX and RX
nonlinearity-caused error vector. In (14) the assumption was
made that α is branch independent, i.e., αR = αR INR

√
denotes the probability of error for the
where Peα√
, M -PAM,Es /2
α-scaled M -PAM modulation with half the signal power of
the corresponding QAM symbols.
As an example, the impact of the α-scaling on the 4-PAM
constellation is schematically depicted in Fig. 1. In this figure,
the originally transmitted 4-PAM constellation is depicted by
dashed white dots and the scaled symbols are depicted by

IV. P ROBABILITY OF ERROR
The probability of erroneous detection can, subsequently,
be derived in three steps. First the distribution of the effective
SNR is derived. Subsequently, the SER in detection of ŝ, for
a given SNR value is calculated. Finally, the SER expressions
are averaged over the SNR distribution. In the remainder we
0-7803-9785-1/06/$20.00 c 2006 IEEE

(17)
−1
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black dots. It is clear that the distances to the decision boundaries, in dashed lines, are changed from the nominal Es /5
and that the shifts depend on the transmitted symbols. The
figures shows that the shift is larger for the outer constellation
points, i.e., s1 and s4 . It is readily concluded from Fig. 1
that the shift for the nth constellation point sn is given by
δn = (α − 1)sn . The distance to the decision boundaries are
changed by δn , i.e., for half of the cases they are increased
by δn and for the other half of the cases they are decreased
by δn . For example for s2 , the distance to the left decision
boundary at − 4Es /5 is increased by |(α − 1)s2 | and the
distance to the right decision boundary at 0 is decreased by
|(α − 1)s2 |.
δ1

αs
1

−

δ3

δ2

αs2
4
E
5 s

0

αs3

we can calculate the SER in a Rayleigh fading channel, which
yields


 ∞
℘T ρ
Peα,M -QAM
(26)
p℘R (ρ)dρ.
Pe =
℘T + ρ
0
For some special cases, we can derive a closed form solution
for (26). For high values of ℘0 , we can make the following
−1
approximation 1/℘T + 1/℘R
≈ ℘T = σs2 /σe2 . Using this
result, the SER in (26) is well approximated as
Pe ≈ Peα,M -QAM (℘T ),

(27)

which for 4-QAM can be approximated by substituting (25)
√
into (27), yielding 2Q(α ℘T ). We note that (27) predicts the
flooring in the SER curves depicted as a function of the SNR.
For low values of ℘0 , we can make the following approxi−1
mation 1/℘T + 1/℘R
≈ ℘R . The SER expression in (26)
is then well approximated by
 ∞
Peα,M -QAM (ρ) p℘R (ρ)dρ.
(28)
Pe ≈

δ4

 αs4
4
E
5 s

0

When we substitute (25) into (28), we find that for the low
SNR region the SER approximation for a 4-QAM system in
a Rayleigh fading channel is well approximated by


√
2
2(1− ℘0 c3 )
1
1 3 −α ℘0
Pe ≈
(29)
2 F1 2 , R + 2 ; 2 ;
2
2

(R− 12 )!
and where 2 F1 (·) denotes the
where c3 = α π2 (R−1)!
hypergeometric function.

Fig. 1. Influence of α-scaling on the 4-PAM constellation points {s1 , ..., s4 }.

If we now additionally use that, by definition, the nth point
of the N -PAM constellation, and the corresponding shift, are
given by
3Es /(N 2 − 1)(2n − 1 − N ),
(21)

3Es
(2n − 1 − N ), (22)
= αsn − sn = (α − 1)
N2 − 1

sn =

where we defined c2 = 3/(M − 1) and the SNR is given by
℘ = Es /N0 .
When we work out (24) for the special case of 4-QAM
modulation, we find that the effect of the constellation scaling
reduces to SNR scaling and that the SER is given by
√
√ 2
√
Peα,4-QAM = 2Q (α ℘) − [Q (α ℘)] ≈ 2Q (α ℘) , (25)

B. RX nonlinearities
For RX nonlinearities, the mean of the Nt ×1 error vector
for the kth carrier is given by µ = E [εR (k)] = 0, since the
elements of n(k) and e(k) possess zero mean. The Nt ×Nt
covariance matrix of the error vector for the kth carrier is
given by


 H
−1

2
2

(k)H(k)
,
Ω = E εR (k)εH
R (k) H(k) = (σe + σn ) H
(30)
where we recall that σe2 =σd2 , as derived for different nonlinearities in Section II. The effective SNR for the kth carrier of
the nt th TX branch is, consequently, given by
−1
 H
−1 
℘nt (k) = (σs2 /(σe2 + σn2 ))
H (k)H(k)
.
nT nT
(31)
When the experienced channel exhibits complex Gaussian
fading, ℘nt (k) is distributed according to the chi-square distribution with 2R degrees of freedom, the pdf of which is given
by (19). Here the average SNR ℘0 = σs2 /(σe2 + σn2 ).
For a given SNR, the probability of erroneous symbol
detection of an M -QAM symbol in ŝ(k) is given by Peα,M -QAM ,
which was found to be given by (24). Using the expression for
the effective SNR ℘ in (31), and when we omit the subcarrier
and TX branch index, we find the resulting SER is given by
 ∞
Peα,M -QAM (ρ)p℘ (ρ)dρ.
(32)
Pe =

where the approximation is valid for large ℘.
Now, using the expression for the SNR ℘ in (16), and when
we for readability omit the subcarrier and TX branch index,

For the special case of 4-QAM modulation, (32) can be
approximated by substituting (25) into (32), which yields (29),
though with ℘0 as defined in this section.

δn

respectively, we can derive the probability of symbol error for
the α-scaled N -PAM constellation. We find that it is given by

√

N/2  

Es βn−
1
α

Pe,N -PAM,Es =
P |ε| >
N n=1
c1
√
√



+ 
Es βN/2
Es βn+
+P |ε| >
− P |ε| >
, (23)
c1
c1
where βn± = 1 ± (1 − α)(2n − 1), c1 = (N 2 − 1)/3 and ε
denotes the element of the error vector for the kth carrier and
nT th TX signal. By substituting√(23) into (20), we find that
M /2


  −√

2
α
Pe,M -QAM = 1 − 1 − √
Q βn c2 ℘ +
M n=1

 2
 +√

√
+
Q βn c2 ℘ − Q β√
c
℘
, (24)
2
M /2
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V. N UMERICAL RESULTS
The derived analytical symbol-error rate expressions are
in this section compared with results from Monte Carlo
simulations of a system with NC = 1024 subcarriers, applying
16-QAM modulation and no coding. The channel is modelled
to be i.i.d. Rayleigh-faded over space and frequency. The
clipping amplifier of (1) is used as nonlinearity. All results
are given as function of average SNR, defined as NT σs2 /σn2 .
TX nonlinearities
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Fig. 3. Comparison of the analytical SER results for TX nonlinearities in
(26) (solid lines) and RX nonlinearities in (32) (dashed lines) for different
16-QAM MIMO systems. Clipping amplifiers with IBO = 3 dB are used.

−4
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VI. C ONCLUSIONS
−5

10

The influence of both TX and RX nonlinearities on the
performance of a multiple-antenna OFDM system was analyzed in this paper. Both the error in detection and the SER
performance were derived for Rayleigh-faded channels. A
difference in the impact between TX and RX nonlinearities
is observed, which can be attributed to the location in the
transmission chain of distortion noise term. Therefore TX
nonlinearities cause an irreducible SER floor independent of
the MIMO configuration and RX nonlinearities cause flooring
dependent on the difference of the number of TX and RX
branches.
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Fig. 2. SER performance of systems experiencing TX or RX nonlinearities
and a Rayleigh-faded channel. Results are depicted for an 1×4 (dashed lines)
and 2×4 (solid lines) 16-QAM system. Analytical results are in lines and
simulation results are depicted by markers.

The SER results are depicted in Fig. 2 for an 1×4 (dashed
lines) and 2×4 (solid lines) system, where analytical results
are in lines and simulation results are depicted by markers.
The results are given for different values of input backoff
(IBO = A20 /(2σ 2 )) to the nonlinearities. It can be concluded
that there is a good agreement between the analytical and
simulation results. At high SNR values the nonlinearity-caused
distortion noise becomes dominant and flooring occurs for
both TX and RX nonlinearities. For the TX nonlinearities this
flooring is independent of the MIMO configuration, which is
not the case for RX nonlinearities, as was predicted from the
analytical study. This is intuitively explained by the location
where the additive distortion source occurs for the two types
of nonlinearities, i.e., in front or behind the channel. As
such the impact of RX nonlinear distortion does depend on
the dimensions of the channel matrix, while that of the TX
nonlinearities is independent of the MIMO system dimensions.
Fig. 3 further investigates the analytical SER expressions in
(26) and (32). Different MIMO configurations are considered,
all with IBO = 3 dB. Again, it can be concluded that the SER
flooring for TX nonlinearities does not depend on the MIMO
configuration, while it does for RX nonlinearities. Hence, a
system experiencing RX nonlinearities benefits from the spatial diversity provided by the MIMO channel, i.e., the influence
of the nonlinearities is reduced by using a higher number
of RX antennas. For symmetric systems, i.e., NT = NR , TX
nonlinearities are less severe than RX nonlinearities.
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